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A LETTER, &>c. 

Rev d SiR, 

AS you arc confeffedly the Author, both of 
the Obfervations on the firft chapter of the 
Mifcellanea Analytica, and of the Defence of thofe 
Observations ; 1 have therefore addreffed this letter 
publickly to you, becaufe I can fee no reafon, why 
my Name fhould be expofed, whilft Your's is a 
fecret y or to give you your own illiberal metaphor 
back again, I can fee no reafon, why you fhould 
be fuffered to lye ikulking under the table,* wbilji 
I am playing above board.* 

You would have it believed, that it was a love 
for the Science and the Univerfity, which induced 
you to write and publifh, thofe Obfervations.^ But 
a lover of the Science, would not have begun as 
you do, with that impertinent reflexion on the 
intricacies of modern Algebra \ and a lover of the 
Univerfity, would not have perfecuted with fo 
much cruelty, a plain modejl Man^ + at leaft a 
harmlefs Member of that Univerfity. 

But if this reafon, which you affign for writing 
and publishing- your Obfervations be improbable, 
the reafon, which you have given for ftill defend- 
ing them, is plainly ridiculous. You have it feems 
enough ofPbilofophy, to bear patiently that fcorn, 
and contempt,with which you pretend to be treated 
in the Reply ; but I have, you lay, inconfiftently 
enough " added complaints to contempt; crying out 
€t of one, whom I trample beneath my feet, as unkind, 
"fevere, and cruel." And thefe are the accufations, 

A 2 to 
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id which (ftich is the tendernefs of your nature,) 
<c you cannot willingly fubmif." Now the Reply 
is generally acknowledged to be written with that 
plaionefs and fimplicity, which becomes the fub- 
"jedt; Certainly thefe is no expreflion in it, that 
Was intended to give you offence; nor can I, upon 
the mod careful perufal of a hafty performance, 
find any, that in my judgment, could reafonably 
offend you : nor have you, either here, or in any 
other part of your work, quoted fo much as a 
fingle paflage, in which you are treated even with 
'incivility or difrefped : much lefs have you prov- 
ed, what you fo roundly aifert, that I {corn and 
defpife you, and even trample you beneath my feet. 

But whilft you were thus complaining of indig- 
nities you had never fuffered, did not your recol- 
le&ibn once call to your mind, that haughty dif- 
dain, and thofe cruel mockings, with which you 
had really trampled upon the neck of your poor 
yourig Analyft? He is your Writer \ — your Ma- 
tbeihatician y — your Calculator ; — your Analyft * — 
\j "bur youtig Analyft * — your proceeder according to 
ibe famous Binomial Theorem, with that comtemp- 
tible parcnthefis, "fo far as be under/lands it % Ifup- 
fofe." And what reafon then have you tofuppofe, 
that he does npt underftand it? I fuppofe, becaufe he 
did not, asyotr did, ufe a double application of that 
immenfe thebreii), to find out a quotient of four 
terms only, of a plain eailyfum in common divifion.* 
■'; Ybu have another parenthefis of the fame caft, 
in the 2:6th* 'page' of your Obfervations. <c It is not 
" bbr Author's praftlce, to dcmonftrate his propofi- 
* c tioqsj he fometimes tells us whence (ashesup- 
Ptoses) demonstrations of them may be drawn." 

Now 
•■ .*" JR^. p*4fc 
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Now he gave you a demonftration of his fir ft 
kmm^ and you miilook his demonftration for a 
fblution : he demonstrated his fecond lemma . too, 
and you miftook his demonftration, for a number 
of rules, by which the lemma might be, adapted 
to each particular cafe.* And laftly, be gave. you 
a folutioo of the problem contained in the fecond 
corollary tq this lemma ; and " with fo little, at- 
" tention did you read the book, you was writing 
againft, that you miftook fame fteps in the in- 
veftigation s for the anfwer to the problem."-|- 
Again, you have another of thefe parenthefes 
in pag. 13. " according to the rules (which he has 
iC learned)"— " and follows blindly," as you 
interpret it yourfelf, in the Defence, though it 
feemed to want no comment. 

And it is upon this occafion, that contrary to 
all the rules of good writing, you introduce the 
doctrine of infinites, where there is no fort of ne- 
ceffity for it. And though you was unable to 
carry it beyond the very firft ftep $ and not even 
4b far, without a moil egregious blunder (it is 
,your own word) ; yet having difcovered that mifi- 
terious quotient, which I have mentioned above ; 
jand which, when you had found it, you did not 
know to be a quotient * you fall into a fit of felf- 
adulation, and admiring the wonders, which you 
have worked in thefe deeps of infinity, you fet forth 

theEXTENSIVE USE, and INCOMPARABLE ELE- 

o A n c E of that do£trine y when under the management 
jo/ a Master; and how it muft often betray fuch 
a fool as you conceive me to be, into inextricable 

difficulties. $ 

But this parentbefs feems to be a favourite figure 

with 

* Rep. p. 1 3. f &?• P- 1 9- X 0*/T. ?• C4*t%» «iL 
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with you -, far bcfides thofc which I have already 
mentioned, you have feveral others of a like illi- 
beral ity. 

The fame anfwer will do for all of them : which 
is," that an author wants but one talent to be able 
to fay fuch things as thefe are; and this talent is 
flOt modefty certainly ; nor yet learning \ nor wit 
neither- And therefore they may be, and often 
have been faid of the bed writers, by the worft : 
and for this reafon it can be no difgrace to me, to 
have; been theObjedt of fuchabufej no more than it 
Can be a credit to a perfon of your degree, and ftation 
in the Univerfity, to have been the Author of it. 

The reft, of your performance is of a piece 
with what I have already quoted from it. It is in 
no refpe<3;, what you promifed in the beginning, a 
candid enquiry into the merits, as well as the faults 
of my book ; but it is a domineering, cavilling, ma* 
ficious declamation : utterly repugnant to the; na- 
ture of your fubjed, the language of which can 
have ' tto other beauty, but that of plairtnefs and 
perfpicuity: and no lefs inconfiftent with that 
fiisgiehefs of heart, and fimplicity of expreffion, , 
which fhoiild diftingui(h the character you af- 
finne, of a lover of the Science and the Univerfity. 
" Your objection to the firft corollary to my fe- 
cond lemmp, is, the ufelejfnefs of it. But your 
proof? Why, I have tranfcribed an example of it 
from Newton. What follows? That I could find 
no other example. It had been well, if you had 
given us another of your rules of logic, by which 
we might have connefted thefe two propofitions. 
But indeed it is an argument which a fair Ob- 
server would have fcbrned even to mention $ and 
yet it fctaned to you to defer ve, all the ornaments 

of 
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of ytkrr rhctorick, and to be preceded by a long 
twin of an impertinent 

INTRODUCTION. 
<c A common man would think, that, whea he 
had been taught to find each of thefe quantities, 
he fliould not w?nt a feries to help him to add 
* them together. But in thefe enquiries, we do pot 
attend only to the ufe of a proportion, but to, its 
<c extent, regularity, and eafy connexioh,with other 
" parts of the fubjeft. Great writers are indeed 
* f often able to unite ufe and beauty, in others we 
" may be content to meet with one of them. 
€i Concerning the eafe and elegance of the rule 
u before us, I will give no judgment."* 

ARGUMENT. 

" But how little ufe could be made of it, even 

( by its Author, may be eafily conjectured 5 fince 

" when all imaginable equations lay open 

before him, he has chofen for his example, that 

one which was already computed for him in the 

f c Arithmetica Universalis" <\ 

I had anfwered to this argument, that, <c though 
you feemed to imagine, that I was afraid tp 
truft my own folution, if you would do me the 
* c honour to give me any equation, not made 
" difficult on purpofe, I would engage to write 
c< down the anfwer, as faft as I could write with 
any care and attention ." You reply, " that % 
Jhould fadly wajie my ink and paper" where I 
think we may leave this argument. 

. Your objection to my third lemma, is the ok 
fcurity of it. 

<c He muft have more fkill, than the honefc 
.«.« ftudy of mathematicks will ever furnifh, who 
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" is able to difcover the bidden treafures, of the 
cc third lemnrfe, from any marks on \i%furface"$ 

But if we examine this allegory coolly, as be- 
comes two mathematicians, we (hall find, 

i ft, That it does no credit to your judgement % 
becaufe to talk of the Hidden Treasures of a 
fum in arithmetic, and the Black Art ', that is necef- 
fary to difcover them -, this colouring is by much 
too high for the plain fubjedfc of your pi&ure, 

2<Uy, It does no more credit to your fancy, than 
your judgement ; becaufe it is a ftale hackneyed 
allegory ; and it was your memory that fupplyed 
you with ]t, and not your fancy. 

3dly, It does ftill lefs credit to your fincerity ; 
becaufe as foon as the force of your allegory has 
fpcnt itfelf, you confefs that an honed man may 
come at the meaning of the problem, without 
dealing with the devil . "Neither the words in which 
"it is propofed, nor the rules given for the folution* 
will conduit us to them (L e. bidden treafures) : 

But the row of fymbols at the bottom of the 

page, together with the two examples that fol- 
low it, may perhaps point out the defign of the 
€ * problem/ 9 

Thq problem is certainly difficult, and you lay, 
that in order to explain it, I have given, 

ift, A general cxprcflion of it. 

sdly, Some rules for the folution. 

3dly, A row of fymbols* 

4thJy, An example, and 

5thly, Another example ; and 
forely this account does no difcredit to my in- 
duftiy. ■ * 

Your objedion to the ift corollary to the 2d 
, is of the fame nature* 

The 
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The words you fay, may puzzle an attentive 
reader $ but if tbeferies which follows be examined, 
the defign of the corollary will appear 5 and in your 
defence, you have been fo difingenuous, as to quote 
the general expreflion without the feries to explain 
it. You might in the feme manner prove Euclid to 
be an obfeure writer, iince there are proportions 
in the elements, whereof the words , in which they 
are exprejfcd, might puzzle an attentive reader \ an^i 
yet if the examples which follow be examined^ the 
defign (f them will appear. 

But to return to the lemma. 
You want two exceptions to it, 
i ft, You would have different powers of the 
fame root, and 

2dly, The fame power of different roots, ex- 
cepted out of the problem. 

Your words are, "except thofe combinations 
which contain two or more powers of the fame 
roots, or the fame power of two or more roots."* 
I had anfwered, that if I undcrftood you right, 
the exceptions, which you wanted, were mention'd 
in the lemma Hf*. u You reply, it is wonderful, if 
cc thefe exceptions are mentioned, that he did not 
" tranferibe the two or three worts which contain 
c< them" J. But it is more wonderful, that you fhould 
ftill infift upon this, when the words which con- 
tain thefe exceptions have been already transcribed by 
lAx.JVilfon. The problem, fays he, fc fr To find the 
" a ggr e g a *e of all the different combinations that 
cc can be made of the m th power of w* root, into the 
€€ p th of another, tec". Where it may- be obferved 
by the way, that the firft exception is evidently 

B im- 
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implied in the lemma itfclf. § The latin is " inp 
<fc poteftatem ex quaque alia." It Jhould have been 
added % I fuppofe, et non eddem. But Mx.Wilfon 
goes on, " The 2d exception taken notice of in the 
€€ Obfervations, is made by the Author himfelf, in 
€C thefe words immediately following the example.** 

Cum duae vel tres vel plures poteftates funt sequa- 
les, dividatur fumma per produ&a 1. 2.3. &c. ut 
in prsecedente lemmate. 

And yet in your Obfervations, you flatly aflert, 
that not a hint is given of thefe exceptions in my 
book : * and you (till maintain this affertion in 
your Defence. 

But to return to your rhetoric. 

<c We will not infift on method, if we can 
" come at truth. Some patience will be neceflary : 
<c the well, in which it is here concealed, is very 
€t deep" * Upon which deep well % what I have 
before faid of bidden trea fares, might be repeated. 
But fince you are continually returning to this 
charge of obfeurity, give me leave to tell you 
plainly, that though I were as obfeure as you re- 
prefent me to be, yet you are not a wrker to 
throw a (tone at me. For if I am obfeure, you are 
impenetrable. One example will be enough to 
prove it, and here it (lands, 

" In the next corollary it is propofed to find the 
f c a gg re g^ c of the fum of the roots, of their fquare?, 
<c 01 their cubes, &c. in infinitum, it fhould have 
" been added, if each root of the equation be lefs 
c< than 1 j and greater than — 1 . It is eafy to lee in- 
<c to what Abfufdities the reafoning here ufed will 
<c lead us ; fuppofe for example that one of the 

roots 

%miftm y % Vindication, p. 13. *0#p.i6. XObf.^zu 
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cc roots of the equation fhould be 4 ; then by the 

<f rule before 1-4-4 + J 6, &c, = ^5." 

You fay that the problem is to find the aggregate 
of the fumof theroot6ofany given equation, of their 
fquares, of their cubes, &c. ad infinitum : ahd that 
fuppofing 4 to be one of the roots of the equation, 
then by the rule before you 1 +4+ 1 6+64, &c.=3 
— j which I fay is utterly unintelligible. If you had 

faid, then 4+16+64, &c. =37, the reader 

would not have been quite in the dark ; becaufe 
4,16,64, &c. are the powers of (4), which is fup- 
pofed to be one of the roots of the equation. But 
I defy the moft partial of your friends to fay, that 
he even gueffed at the meaning of this (1), which 
leads the fcries ; fince it is certainly neither 4, nor 
the fquare of 4, nor any other power of 4. 

You was writing againft an unpublijked book, 
and therefore your pamphlet fhould have been in- 
telligible of itfclf ; becaufe it was not probable, 
that your reader would have my book to refer to. 
But fuppofe him to have had the book before him ; 
he muft ftill moft likely have been not a littfc 
puzzled, fince your ferres, as is obferved in my 
Reply y was not made from the rule itfelf, which 
you quote for it ; but from' one of the fteps, which 
is made ufe of in the in^eftigation of the rule. 
There are four fteps in the folution of the problem 
of this form ^ i=i-\- A-*- A % +A\ &c. fubfti- 
tute (4) for A, and you have ~ =1+4-4-16-+- 

64, &c. and this is your feries. And thus you refer 
to the rule, and expert your reader fhould confult 
the inveftigation. 

* But your defence of this paflage is pleafant e- 
xiough. You don't deny the faft, that you made 

B 2 ^>N\\. 



your feries from thefe fteps in the irtveftigatiofl, 
mftead of making it from the rule itfelf. It was im- 
poffible' for you to deny the fadfc; but after abun- 
dance of words, you tell me, that an error in 
the invejligation of a rule, mujl be an error in the 
rule itfelf \ * and that you had in your pocket, a 
quadratic, a cubic, and a biquadratic equation ; by 
either of which you can prove, from my rule, that 
^==i-+-4+ 16+64, &c. Not to mention that 

a fimple equation would have done your bufineft, 
(becaufe you defpife fimplicity) you muft tell me, 
by what honeft fkill in the fcience, your reader 
was to difcover thefe bidden equational treafures % 
at the bottom of your pocket. The well is very 
deep x and, I fuppofe, not very acceflible. 

In your Obfervations, this feries was intended 
for a familiar illuftration, of what you had truly 
aflerted * that if either of the roots of the equa- 
tion propofed, be greater than (i), the problem 
admits no anfwer: and you introduce it as fuch: 
"It is eafy to fee, &c„" But, in your Defence ; 
you have made a formal proportion of it. " That 
" the Rule here given contains this, among innu- 
" merable other abfurdities, that 1+4+16+64, 
u &c. = -I ••' and you have proved it by three 

long pages of calculation. 

But who had denyed, that this abfurdity was 
contained in the rule, fuppofing either of the roots 
might be greater than ( 1 ) ? I am fure, I had not : 
I had only aflerted, what I ft ill aflert, and what 
you cannot deny, that ,you did not make your 
feries from the rule itfelf, to which you refer your 
reader^ but from one of the fteps in the inveftiga- 

tion, 

* Def. p. 26, 
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tion, which you blundered upon inftcad of the 
rule. 

You fay very truly, that it is eafy to fee ; 
and I add, that it was as eafy to (hew, without 
three pages of calculation, that it Would be abfurd 
to fuppofe the problem to, extend to fuch cafes; 
where either of the roots are greater than (i). 

Let (4) be the root of a fimple equation. Then 
the problem is to find the fum of 4 -f- 16 + 64, 
&c. ad infinitum ; which fum is plainly infinite, and 
the very terms of the problem imply an impofli- 
bility : and this is the great myftery, concerning 
which you reafonably hope, that I and my ajfiftant 
in the Reply, will never again after t, that you did 
not underjland it, or that we aid. But what I 
aflerted before, I muft ftill affert, That though 
you faw this abfurdity, yet you did not ftiew 
it. That you made your feries not from the rule 
but from the fteps. That to the bulk of your 
readers, who wanted the book .to refer to, the 
paflage, which I have quoted, muft have been 
total darknefs. That or the few, who had the 
book, I may well venture to defy you to produce 
a fingle man that underftood it. And laftly, 1 
fay, that the proof you have now produced, is 
aukward and cumberfome ; and that to introduce 
three long pages of calculation, where no calcula- 
tion was required, fhews plainly, that you your- 
felf are deficient in that Eafe and incomparable 
Elegance in writing, the want of which in my 
book, you fo often complain of. 

But enough has been faid 'of the manner, in 
which your Obfervatiom are written, to convince 
the reader of the truth of what I have aflerted^ 
that your Pamphlet is no ferious, impartial enqui- 
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ry ; but a vcrbofe, virulent declamation : from one 
end to the other of which you treat your Mathe- 
matician with a mod fbvereign contempt, and 
formally condemn his book to the flames, in .the 
conclufion. And yet the charge of cruelty i$ aa 
accufation to which you cannot willingly fubmit* x " 

But you may find it difficult to exculpate your- 
felf; for if the manner, in which your pamphlet is 
written, be cruel ; the occafion on which it was 
publifhed, is ftill more fo. To fall upon a plain mo- 
deft Man, when his mind was diftra&ed, with the 
uncertain expectation of an approaching, conteft- 
ed ele&ion, was furely, I do not fay a moft un- 
chriftian, but a moft inhuman aft of barbarity. 
And confidering the anxiety of my fituation, stod 
that the ele&ion was not many days diftant, did 
not you hope that your Obfervations would have 
done their bufinefe, before they could poffibly bft 
coritradifted ? 

My Reply however was publifhed before the 
Etedhon, and I had the fatisfaftion to hear it well 
Ipoken of every where ; even your own friends 
fcemed not unwilling to acknowledge, that the 
pamphlet had fome merit in it : but they fooii 
began to infinuate, that this merit was none of 
mine, and, what no other perfon would have done 
without the moft pofitive, and inconteftibie evi- 
dence, you, in your Defence, without any evi- 
dence at all, have plainly attributed it to another : 
thereby endeavouring, not only to deprive me of 
the little praife I had gained by the Reply} but at 
the fame time to make a Gentleman a party in 
the difpute, who was no otherwife concerned in 
it, than having fpoke his fentiments with th^t 

free^ 
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freedpm, with which all men have a right, to 
fpeak, and generous men think themfelves obliged 
to /peak on fuch qccafiohs. 

That my Reply underwent the diaftifemeht of 
my friends, I do not deny : and if your Obferva- 
tions had undergone the fame difcipline, I am in- 
clined to think fo well of your friends, as to be- 
lieve, that this difputc would never have arifen be- 
tween us. 

And fo much for this fubjedh I proceed to 

Lemma I, 

TO find the dimenfions of an equation, by 
which any propofed equation (x* — Ax*~ x 
H-Z?#*~\ &c. = 0) of («) dimenfions; may be 
reduced to one of (m) dimenfions ; fuch as (x m — 
ax m ~ x -\-bx m ~ % % &c. = 0) fuppofing (») to be 
greater than (m), and that the roots of the reduced 
equation x*«— ax m ~ 1 +bx m ~ % , &c. =0, be roots 
likewife of the equation x n — Ax n ^ % +Bx n ^ % ^ &c 
ss= 0, from whence it was reduced. 

My anfwer is, that the dimenfions of the re- 
ducing equation will be equal to the fra&ion 
,.,.-,. ff -*.» r ,,* c. y^ numerator and denomina- 

tor being continued to as many terms, as there are 
units in (m). 

Suppofe, for example, thequeftion was, to find 
a quadratic equation, fuch as x % — ax-\-b=:o % 
whofe two roots fhould be two of the roots of 
any given biquadratic ; fuch as * 4 — Ax*-\-Bx % — 
Cx-\-D=oi where yf, B, C, D, the coefficients of 
the given equation, are fuppofed to be known; 
a and b y the coefficients of the equation fought, 
unknown. 

Now 
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Now what the lemma requires is, not a&ually 
to folve the problem, but to determine the di- 
menfions of it ; not to find a and b y the coeffi- 
cients of the equation fought, but to (hew, before 
we enter upon the inveftigation, how high thp 
equation will rife, by which the values of thefc ' 
coefficients are to be found. And in order to this, 
I iay in the firfl: place $ that the equation *♦ — Ax* : 
-i-Bx* — Cx-\-D=z 0, being of four dimenfionsi, 
has four roots ; fuppofe the roots of it therefore 
to be ct,]3,y, J, and with every pair of thefe roots, 
we may form a quadratic equation, that will 
anfwer the conditions of the problem.* 

Such as x % r x-\-%$x=LO & and £ 

— p 

x % *x'-fr-ay=s*"* ctandy 

mmmm*V * » CO # 

— 8 

x % .x-h*J=d u a and J 
x* f #-t-j3y=0 -g £and y 
** ?*4-£<5==0 * j3and<J 



tJ 



o 



x* J*-|-y<fc=0. y and J. 

There are therefore as many anfwers to the 
problem, as there are ways of taking the (4) 
roots of the propofed biquadratic by pairs: from 
whence I conclude, that the dimensions of the 
equation, by which the problem is anfwered, will 
be equal to the number of combinations of 4 
things, taken two and two,which is til = 6. -j* 

But 

* Sound. p. 185. f D* Moiv, Mifcd. Anal, p.i8o. 
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But this feems to you * giant's Jtr%de r which 
neverthelefs is the firft ftcp, mat Sir Ifaac Newton 
teaches us in his difcourfe De Naturd Mquatio- 
nwn : where, after having defined the word root p 
and given an example of an equation with four 
roots, he adds, " et ne mireris eandem a?qua*> 
" tionem habere poffe plures radices, fciendum eft 
<c plures effe poffe folutiones ejufdem problematis. 
" Ut fi circulorum duorurn datorum quaereretur 
<f interfcSio, dug funteorum interfedtiones, atquc 
" adeo quaeftio admittit duo refponfa, & perindc 
(( a^uatio iptcrfe#ionem determinans habebit dua? 
(c radices, quibus interfe&ionem utramque deter- 
" minet, fimodo nihil in datis (it; quo refponfura 
ad unam interfe&ionem determinetur." * 

Nay, Dr, Saunderjbn too reafons in thp fame 
manner, in the very firft of his problems pn>- 
ducing quadratic equations. 

But Sir Ifaac Newton^ having added another ex- 
ample to that I have already mentioned, con- 
cludes thus : " In omni igitur problematc necefte 
" eft sequationem, qua refpondetur, tot habere ra- 
" dices, quot funt quaefitse quantitatis cafus di- 
" verfi ab iifdem datis pendentes, & e&dem argu- 
" mentandi ratione detcrminandae* 

Now to apply this rule to the cafe before us. 
You may, if you pleafe, begin your inveftigation, 
by afluming a quadratic, fueh as x* — ax-{-b^o 9 
and fuppofing tne roots of it to be, for example, 
the two leaft roots of the propofed biquadratic: 
But this reftri&ion would be impertinent, becaufc 
it could have no influence on the procefsj there 
being no data in the problem, by which we may 
dire& the inveftigation to any one of the fix equa- 
tions above mentioned, rather than any other, 

C <^> 

* A5wA Arith* Univ. p. 241, 
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Or to be ft ill more diftinft; as I have faid be- 
fore, to find the equation x % — ax-\-b-=io % is to 
find the coefficients (a) and (b). Let us fuppqfe 
then, that (a) the coefficient or the fecond " term 
is firft fought for : now it appears that (a) may 
fcave fix values a+jg,ct-f-y,a+^,j8-f-y,i9-4-^ 
y-J- <T, all depending on the fame data : viz. that 
the two roots of the quadratic fought, are two of 
the roots of the propofed biquadratic ; and to be 
difcovered by the fame method of arguing ; fincc 
there is no circumftance in the problem, by which 
"we 1 may reftrain the inveftigation, to one or more 
of thefe values of (a ), exclufive of the reft. The 
equation therefore, by which the problem is an- 
fwered, will have as many roots, as there are dif- 
ferent values of(tf); i.e. as there are different 
. combinations . of the four roots a,|3,y,<$ taken 
two and two, i. e. 1^=6 ; and confequently it 

will be of fix dimenfions : <c Poteft enim aequa- 
■ V tip tot habere radices, quot funt ejus dimenfiones 

c< & NON PLURES." * 

What has been faid of the reduction of a bi- 
quadratic, to a quadratic, is, mutatis mutandis, 
applicable to all other reductions. 

Suppofe the given equation to be of 5 dimen- 
fote y x*--Ax*+Bx l —Cx % +Dx-- £=?*; 
and let it be required to find a cubic, whofe three 
roots (hall be three of the roots of the given e- 
quation. Now an equation of 5 dimenfions, has 
£ roots ; let therefore the 5 roots of this equa- 
tion be *;j3,y t <?,e; arid a cubic equation, whofe 
three roots (hall be any three of thefe roots, will 
■ anfwer the conditions of the problem. 

Such 
* Nnvt, p. 24.2. 
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Sttch as x * — (Z 'x % r4*-* yx''-^*'* jft y sts 0, of 



which the Roots arc cr,£,y. 



/.'.'a 






Or * ' — .'£** ■+■*<? x— ajS ^ = ^ of wluch $e 

— <£ H-£J ■•-.-•.-. ' >"■ 

Roots are a, /3,& 

And fa every combination of 'the five rotfts, 
taken three and three, will anfwer the condicicms 
of the problem. From whence I ijifer, that the 
equation by which the probkm . is iblved, mjjft 
tieceflarily be of as many dijraenfions, as there are 
combinations of the five roots, taken three, and 
three5(i.e,)i^tii-tt io. - ■•>:??' t 

And fo in general, if the problem be, tb IWid 
an equation x m -—ax m -* t -\-&x M -'\ &£ ===d,^hbfe 
(m) roots fhall likewife be (m) of the rbots^bf 
any given equation, k mx ~A**-*'+-'Bx#*j'-btG. 
h=:6, where {m) is fuppofed td be fcfe that* (n)< i the 
reasoning is ftill the fame. "<''- 

The equation x*-+*Ax *~ l ~frBx T* &c/ ■== 0, 
has (#) roots: and out of any copibwatiwii p£ 
{m) of thefe roots^ may be filmed, atf eqq^tipn 
of :(j») dimenfions, that will anfwipr the 4?pnditi- 
on^of the problem : of which equations therefore, 
there will be as many, as there are combinations 
x>f: the (») roots, of the propofed equation :tal^en 
f j(jw).at A, time : tior is there any thi^g- in t&e prpb- 
iep, by which we may confix the i^veftigation, 
to? any one or more of thefe ckjtfations, cxclutiye 
of the reft \ u omnes autem^db; iiftiem dati* pep- 
dent, & eadem ar^umentajocU ratione de^mj^y « 

c 2 funt;" 



" font :" from whence I cofldude, that the equation 
by which the problem is folvetf, muft havt as 
many roots, and confequefttly be of as many di- 
menfions, as there are combinatioas of (*) things* 
combined according to the number (m) ; that is, 
rv-VT*** both numerator and denominator. 

being continued to (m) terms.* And fo much for 
the demon ft ration. ■ 

But you are not more offended at the brevi- 
ty of my demonftration, than at the fcarcity of 
my examples. 4( One only* you fay, is mentioned 
"in my book; and though the lemma is very 
4t extenfive, no other is added in the jleply : f " 
which complaint would never have dropt from 
you, if you had been at all acquainted with thd 
Writings of Des Cartes and his commentators, of 
whom you fpeak fo familiarly. I gave you on? 
example from Des Cartes bimfelf,£ and you 
may find more in his commentators: toniuk 
Budded 1 9th rule, de reduc. &quat* where you 
will find an equation of 5 dimenfions, reduced 
to one of (2), by an equation of 10 dimenfions ; 
which is the number required by the lemma: 
fince 19 == ii±. In the fame rule too, hereduce$*fi 

equation of 6 dimenfions, to oneof (2)* by an equa- 
tion of 1 5 dimenfions ; which likewiie is the number 
required by the lemma, fince tJzzsifrTo which 

he adds, that, by the lame method, the equation 
•Af t dimenfions, might be reduced to one of 
3* but that the reducing equation would, 

I Sound. Alg> p.735. 
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nv thi^cafe, rife to ao dhneofions * aow -ao*saar 
Ui&i the number required by the lemma,-)* 

1 As to what yoo objeft, that there are particular 
equations, which may be reduced with more fa* 
cilicy ; it is a meer cavil : fincc it was impofiiblc 
for you to imagine, that I meant to aflcrt the con* 
trary, though I had laid nothing about it* But I 
have cxprefsly declared, in the 5th chapter, that 
in fpecial cafes, the reduction may be perform- 
ed with lefs trouble; which chapter you have 
quoted, difingenuoufly fuppreffing this declaration. 
Your rule of logic therefore, that " a general 
V affirmation is contradicted by a particular ne- 
" gauon j° J can only ferve to fliew the multi- 
plicity of your learning; fince you know very 
well, that I never meant to iay, that no equa- 
tion could be reduced by an equation of fewer 
ditnenfions, than what the lemma requires. 
Hudde fays, that If you would reduce an equa- 
tion of (6) dimenBons, to one of (3), the reduc- 
ing equation will rife to 20 dimensions. Let 
therefore # 6 =±=i, atod by extracting the fquare 
root only, we fliall have x , ==±=i, without the; 
unneceffary aid of an equation of twenty dimen- 
fions: and yet I am perfuaded, that no' rtader 
will think this a ferious objeftioh 10 Hndde\ $L 
ftttion. Sir Ifaac Newtbn too afferts, that the 
^uinquilfeftion of an arc, is not to be perfonhetf 
without an equation of 5 dimenfions 5 and it is 
from this very example, that he deduces the rule 
tipon which the lemma is founded : and yet every 
one knows, that Euclid has divided the circum- 
ference of a circle into 5 equal parts, without an 

equa«* 

t Dc$ Car. Geo; Amftcll. p. 486. % Def. p. 11. 
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equation of 5 dimenfions.* So likcwifc it is a ge- 
neral rule, that the trifedtion of an arc, inquires 
a cubic equation; and yet Euclid has trifc<5t6i 
the femicircumference, by a fimple equation. 

No candid reader, ever mifunderftands fuch 
general cxpreffions ; and the meaning of the leov- 
ma is obvioufly, that unlefs there be fomething 
peculiar in the equation to be reduced, the re r 
during equation will have as mapy dimenfions, 
as the lemma requires. 

But you objeft, that I myfelf have reduced c- 
quations of five and fix dimenfions, to others of 
three \ by the intervention of equations of fewer 
dimenfions, than the lemma requires. . Tlo which 
objedtion, however, I muft beg leave to be filentj 
partly v becaufc I have endeavoured to account for 
thefe folutions, in the place where they are given ; 
but principally, becaufe my intention is to make 
this pamphlet as intelligible as I can : and to ttr- 

{>lain thefe folutions here, would take me ofTtbo 
ong from my fubjeft ; and to refer the reader Id 
an unpublijhed book, would be as ridiculous in me, 
as it was ungenerous in you to write againft it. 

One inftance however, of your difingenuous 
dealing on this fubjeft muft not be omitted. Jn 
Vour Obfervations you had obje&ed to me my for 
lutions of equations, of 4, 5 and 6 dimenfions: 
but Mr. Wilfon took the trouble to explain to you, 
my folution of biquadratics $ which therefore, in 
your Defence, you have prudently and fiiently 
dropped 5 and tocoyer the artifice, you talk mag- 
wficently of my reduction of equations of 5 zj\d 

* Euc. B.4. Prop. rt. 
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6 dimenfions to cubics ; but concerning the bi- 
quadratic, you iay nothing at all. 

And thus much in defence of the lemma. 

I proceed in the next place to take notice of 
fomc of the more notorious of the many miftakes, 
which you have committed in your animadver- 
fions upon it. 

And I ft, you are egrcgioufly miftaken in imagin- 
ing, that the redudtion of an equation of 6 di- 
menfions (in which the alternate terms are want- 
ing) to 9 a cubic, is at all inconfiftcnt with the 
Lemma. 

Ex. Let x 6 — i4a; 4 H-49x 11 — 36=0, 

and fuppofing #*=2?, and we have 

z % — 142*+ 49 2; -<- 36=0. 

Here you fay we have an equation of 6 di- 
rnenfions, reduced to one of three, by a fimple 
quadratic x % =z\ whereas by the lemma, the 
jeducing equation ought to be of —^ = 20 di* 

ipenfions. But indeed this reduction is fo far from 
contradicting the lemma, that it has no relation to 
it ; and you could not have fallen into this miftake, 
if you had at all regarded the conditions of the 
problem : one of which is, that the roots of 
the reduced equation, fhould be roots likewife of 
the equation, from which it is reduced. 
Now the roots of the given equation 

x 6 — i4# 4 H-49#* — 36=0, 
are -+-i,— 1,4-2,— 2, +3,— 3. 
But the roots of the reduced equation, 

z % — 14s*-!- 492; — 36=0, are 1, 4 and 9, 
which three roots ought to be three of the xqpts 

of 
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o£ the given equation * whereas only one of them 
is Co. Indeed, the three roots of this reduced equa* 
tion, are the fquarcs of the roots of the given e* 
quation $ and not three of the roots of the given 
equation ; which the problem requires. 
Stippofe the given equation were 

x 9 —fx'-hqx'—~rs=zo 9 
make x i —z i and you will have 

**— pz x +qz— rzsso, an equation of Q 
dtmtnfions, reduced to a cubic, by a fimplc cubic 
x*=zz; which, by the lemma, you may fay, ought 
to be an equation of i£l = 84 dimenfion* But 

this reduction has no relation to the lemma ; fine* 
the three roots of the reduced equation, art not 
what the lemma requires, three of the roots of the 
given equation; but they are the cubes of the 
roots of the given equation. Such inattention to 
the conditions of the problem is inexcufable, and 
yet it is not here only that you are guilty of it* 
For the 

Second of your miftakes, which I fhall take no- 
ticcof, proceeds from the lame negligence ; " tht 
fiirft and mod obvious way of reducing an equ*» 
tion, is, you fay, by the fimple equations out of 
which it is formed ;" (i. e.) fuppofing (x) to be 
the unknown quantity, and (*) one of the root* 
of the given equation; if you divide the equatiod 
by at— ot, and make the quotient equal to (0) j you 
have an equation, one degree lower than the given 
equation ; and whofe roots will be likewife root? 
of the given equation : all which is certainly true* 
and as certainly nothing to the purpofc : becaufe 
the roots of thepropofed equation, are not amongft 
the data of the problem* 

To 
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To reduce an equation, having the roots given, 
it one pYobtem>~+To reduce an equation, having 
the equation only given, is another; and this is the 
fubje&of the lemma 5 which is not to fhew, how. 
equations may be reduced after they are folved ; 
but how to reduce them in order to their fblu* 
tion, as I have observed to you before in my Re- 
jply. The other methods of reduction by divifion, 
which you mention, being only repetitions of thi9, 
J fuppofe nothing need be faid about them, no 
more than, about " the various ways,* which you 
do not mention, though you fo confidently aflert, 
•• that there is not any one of them, in which the 
rule hpre (delivered is true." ~— Aftpr having. fcea 
two fuch grofs inftances of youc inattention to 
the terms $f the problem, the reader will not be 
fcrprteed at your 

Third miftake ; and yet furely it is a Orange 
miftake to afierf, as you do, " that the problem 
before us is fuch, as admits of no determinate an-* 
fwer." What you fufpedt, is true, that it was Saun- 
derjbfi's comment on Des Cartes, which fuggtfted 
the problem, and the iblution of it, to your young 
Jbtalyft. Now Des Cartes** problem is this ; any 
biquadratic equation xt+qxt+rx-hstrzo, be- 
ing propofed: to find a quadratic, fuch as x*+ex 
-fr-jr=s=* : the two roots of which (hall be two of 
the roots of the given biquadratic 5 where the data 
are (9) (r) (j), the coefficients of the biquadratic; 
and the quaeuta {e) and (/), the coefficients of the 
anadratic; and the condition of the problem is, 
wax the two roots of the quadratic, (hall be twa of 
the roots of the biquadratic. Now if you confine 
yow&tf to thefe terms, the problem is certainly 
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determinate ; it admits indeed of fix anfwers, but 
it can have no more than fix. But if you neglect 
thefe terms, and fubftitute new ones in the itead 
of them $ the problem will as certainly become in- 
determinate, and fo will every problem that can- 
be propofed, upon this or any other fubjedt. Thus 
far Des Cartes. Hudde went farther. He has (hewn, 
by different methods, how any propofed equation, 
x* — ^""•'-KB**- 1 , &c. =0, of (m) dimenfi^ 
ons, may be reduced to one of (n) dimensions ; fuch 
as x m — ax^ L -{-l>x m ~* y =o i 8jGc. whereas before, 
the data are A> B, C, the coefficients of the firft 
equation; and the quae fit a a % b>c % &c. the coeffici- 
ents of the iecond ; and the condition of the pro* 
blem is, that the (m) roots of the latter equation be 
(m}.of the roots of the former $ (m) being fupppfetf 
Jefs than (n); upon which terms the problem is 
determinate : but if you negiedt thefe, and intro- 
duce new terms in their place, you will without 
queftion render k indeterminate. "" * 

Now the difference between what Hudde, has 
done, and the lemma in difpute, is" this $ Hudde 
teaches us the folution of the problem : the lemma 
(hews the dimenfions of it. Hudde has given dif- 
ferent methods, by which . the reducing equation 
may be difcovered: by the lemma you may fee how 
high the reducing equation will rife, before yon 
give yourfelf the trouble of finding it. If therefore 
Hudde % be a determinate problem, mine, whiefc 
is only to (hew the dimenfions of his, muft be fp 
too. And they both certainly are fo, notwithstand- 
ing what you have fo pofitively, and fo ra&jj 
aflertcd to the contrary. li 

And it is upon the ftrength of thefe extraordinary 
blunders, that you break out into thofe rhetorical 

- ex* 




^clafliafionsj f *a pieihod of methods! a newdlfok 
Yvetif ;n mathematics ! apropofition that ceafes tb 
^Bc trufe,when it ceafes to be ufeful ; and a method 
u fo cbmprehenfive, as to take in every unkhown 
ck ' cafe 'but fo confined, as to belong to no known 
* l oiie. 1 ' I have anfwered before, that the feinma 
takes in all cafes, that fall within the terms of the 
problem, which is the fubjedt of it ; and I have a- 
bove given you fo many examples of the truth of 
St, that no more need be faid on this head. 

Then for your new difcovery^ it is an arrant 

ibble. 

Thefe methods of redu&ion, by the interven- 
tion of high equations, do certainly ceafe to be 
pfeful, when the roots of the equation to be re- 
duced are given$ but the affertion of the lemma 
dbeS not therefore ceafe to be true; becauie the 
lemtrta aflcrts the neceffity of thefe high redtic~ 
/^equations, not when the roots of the equation 
to be reduced are given, but when the equation 
itfelf orily is given. " 

But your fourth miftake is, if poffible, ft ill 
more unaccountable than either of the three for- 
mer 5 fince every learner knows, that the dimerU 
fions of a rational quantity, are eftimated by the 
index of the higheft term ; and yet you maintain, 
that adequation of this form s 6 — f&+q% % --rz==aj 
is? but a cubic. I had produced only one examplp 
in fupport of the lemma -, it was Des Cartes* re- 
dtiAion of a biquadratic to a quadratic, by an e- 
qti&ion of this from, z 6 — pz 4 -+- q z % — r =0} 
WHich I aflerted to be of 6 dimenfions, the nuijs- 
ber required by the lemma, fince 6 = ii- 1 . 

: this you c<tll in queflion % becaufe by iflafang 

ti"i rs= 

* Def. p. 8. 
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f?~z 4 , the equation above mentioned mayt* 
reduced to a cubic , y*^—py*'i+-yy **- r ±&»:# # 
And it is not to be denied, that equations' £>f 
this form, in reference to their foiution* am often 
called cubics by the beft writers; but you -are 
the firft that ever affertcd them to be rtally 
fo. Sounder jbn feys, that an equation of this 
form z 4 ^-p z * 4- q = 0, is called a quadratic, bo- 
caofe by making «*==y, it may be reduced- to a 
quadratic y % — py+q=zo: but this vttryttttfon 
fufficiently indicates, that it is not in reality a qua* 
dratic, though in regard to its folution, it may bfe 
called fo; and in p. 189, he fays expreftly, that 
this equation is, properly fpeaking, a biquadratic. 
But what is ftill more to the purpofe, m hk tc- 
dudlion of biquadratics, he calls an equation, of 
'the form we are now difputing about, a bieubic : 
which, if it means any thing; muft mean adequa- 
tion of twice three, or 6 dimenfions 5 for the Tame 
t eafon that a biquadratic, means an equation of 
twice two, or 4 dimenfions. Hudde tcMct, in hrs 
treatife on redu&ions, defines the dimenfions of 
ah equation, in which there are no radicals, hy 
the indetf of the higheft term 5 and in his 19th 
rule above cited, after having faid, that if an equa- 
-tlbh of 6 dimenfions, be reduced to three, the re- 
ducing equation will be of 20 dimenfions; He 
adds, that it will he of this form, fc*° — pz a +jx^ 
'&£ ±=*5 where the index of the higheft term be- 
ittgan even number, and the 2d, 4th, &c- alter*. 
J hateterihs being wanting, if you make y^s^z^ 
ycto may reduce it to an equation of 1 o dimenfions 

^A But to make this difpute as intelligible as may 
be, let us take an exampk fuch as s 6 — 30* 4 -h 

129 
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^I^9**^-i005ao. Now Newton fays, f 5potcft 
vero sequatio tot habere radices, quot funt dimeb- 
Vjfione*, & non plures. " But the equation s 6 -— 3 o 
^*M-ia9« a — 100=0 has 6 roots, -4-1,-4-2,-4-5, 
: •—1,—a,— 5, and therefore muft he of fix. : di- 
v tnenfions. But you are inclined to fey, upon 4his 
Occafion, what you would not fay upon any other, 
that H- 1 and — 1 (for example) are the lame 
number: from whence, I fuppofb, you mean to 
conclude, that the 6 roots, wnich I have above 
enumerated, are in reality only three. To which 
. it were a fufficient anfwer to fay, that they are 
6 roots according to Sir Ifaac Newton* definition ; 
r which is, " Radix vera eft numerus, qui, in ®qua- 
lionc pro radice fcriptus, efficiet terminos omnes fe 
cnutuo deftruere :" and either of the fix numbers 
above fpecified being fubftituted for (z) in the 
equation, will make the whole vani/h. 
* But there is another way of confidering this mat- 
: *er, which is not obnoxious to fuch pitiful cavil- 
ling. Not only .the equation z s — 30 z*-jhi2$ : z % 
.— 100=0. has fix roots ; but the quantity ^^30 
» 4 -+-i29 £ a — 100. (without fuppofing the wfyole 
•equal to nothing) whatever be the value pf (z), 
bos alfo fix divifors s— 1,#4" 1,^-^2,^+2, 
#-~"5> *+ 5 ; and all thefe, multiplied together, 
will produce the very quantity %* — 3o**rh?29 
j5 a ~-*-ioa But, if there be any fenfe in the words 
>at ^H, a quantity which is the product of - fix fim- 
.ple fa&ors, muft be a quantity of fixdimenfions* : 
and though you are difpofed to fay * that -h5 and 
r.i**.^ for example, are but one number ; you will 
hardly deny that z+5and «r^5^re t^o-&&ots. 

V-"" ' *■ ■■:' ■• ■ \.- ■ ■...•: And 
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And laftly, (FiG.i.) if wis riakefc*— 3d **4* 
I29 »*— ioo=y, and e^jiP^'P-^Ji/^^ 
the locos of the equation, will cut the bdfeirt : ^x 
poiqtfc, viz. when jf jp=«==-|- 1 or — i x or 4-^ 
or— 2, or +5 or —5 ; in all which cafes thkror; 
dlhate^ = o. But a curve cannot cut a ftrak line 
in more points than the equation, by which it W 
defined, has dimenfions* The equation therefore; 
concerning which we are difputing, has all the 
rriarks of an equation of fix dimenfions: 1 ft, Its 
hlgheft term is of fix Dimenfions ;* 2djy, It has fix 
roots ; 3dly, it has fix fimple divifors; and 4thly 9 
if you make z* — 30 z 4 -i- 129 3*— 100=^, 
the locus will cut the hafe in fix points. 

5 thly f You are miftaken in imagining,' that 
Saunderjbris reafoning is confined to Des Cartes* 
method; or others fimilar to it. " Dr. Saunderfon 
c< has explained Des Cartes* method, as his prac- 
^tice is, clearly and difFufely ; he has (hemta that 
M the toot of the reducing equation, muftha$fc 
* 4 fBc Values 5 becaufe there may be fix combiha* 
*J (&*» of two of the roots of the biquadratic^. 
*' equation : and this it ftiould feem, fuggefted the 
c< problem before us, and the fohition of it to our 
** young Analy ft, who wotild have defer ved pratfe* 
41 foi purfuing his mafter*s reafoning, and making 
^ it : more. general, if he had taken aire fully 18 
** iifaderftand it ; he would theft have perceived 1 ; 6 
** thiat it relates only to Des Cartes 9 mcth6&, : 0t 
" others fimilar to it; and that even here ft doe^ 
^ ffi&t fliew the titeeffity of ufing an equation of 
*' 6 dimenfions ; fince a cubic, whole three fobt* 
" may have eatch two values, when the figns only 
*< atte changed, will alfo ferve the purpofe." 

'Now 



o J8fj>^S£Wjfa^, affijipes for, the given bfcjaa- 
df at ^ ic 4 \ §x *-4- rx -h s ; == a 5 and tor the qua- 
dftti£ 'iN^Mf * -+- e * 4-/= p j : and haying found 
qyjus caleulatipn, that the value of (*) is deter(nin T 
c^ . by an equation of 6 dimenfions, and that of 
fell) *?y one of three only ^ he fets himfelf, in thp 
tjfxf; place, to account for this difference, and in 
b^cTer to this he takes an example x 4 — 27 # * — 
}^Hr-i2O;=0, of which the roots are -4-2,— 3^ 
—^4, and 4-5 : each pair of which, as I have ob- 
ferved before, will give a quadratic equation, thai 
will anfwer the conditions of the problem. 

— 6 =5 o §4-2 and — 3 
•— 8 = § >h2 and —4 
-4-10 = 5 -{-2 and -+-5 
4-12 = * • — 3 and —4 

— I 5 = °f — 3 and +5 

— 20 = 0^. — 4 and -+-r 

cljrqaj whence he concludes* that (*) the cp* 
ef&cieitf of the fccond term of the equation fought* 
x\^re x r \^f^=iO i can have w fewer than fat different 
figvificatiom j to wit, =±= 1=1=2=*= 7$ £tf itsfquqre 
far*) will have but. three jignifications % v\z. 1 ,4 r 49t.''* 
hegaufe (1) is the fquare of both +1 and.-— 1 , 
4,1^ the fquare of +2 and— 2 ; and 49 Is the 
i^jiare of both. -+-7 and --7 , the conclufioh from 
which, by Sir IfaacNewtorts rule, is, that the equa* 
tipn, which determines the value of (<?), muft be 
of 6 dimenfions, and the equation that finds (< 2 ) 
pf only three. 

-The equations are **^54*M^49**~i 9633*0,; 
and makings =** * 

• ■ - ' ' wllertS 

v ' * £w»dL p. 737* 
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where you may obferve, that this cubic is fo far 
from contradicting the lemma, that it is a confir- 
mation of it, as both depend upon the fame prin- 
ciple. 

But you feem to make no diftin&ion between 
the procefi, by which Saunderfon finds the equa- 
tions ; and his reafbning, by which he accounts fotf 
the dimenfions of them. The procefs is from Des 
Carta and his commentators ; the reafbning, by 
which he accounts for the dimenfions, has no re- 
lation to the procefs ; but is drawn from the na- 
ture of the problem, and is the fame with Sir IJaac 
Newton 9 s % in the rule abovementioned. There are 
various methods of difcovering the values of (e) and 
(**); but whatever courfe you take, you will never 
find (e) by an equation of fewer than fix dimenfi- 
ons ; nof \e % ) by one of fewer than three: tres enim 
font cafus diverfi quaefitte quantitatis (* a ) ; fexau- 
tem quantitatis (e) ; ab iifdem datis pendentes, & 
eadem argumentandi ratione determinandi. It is 
a ftrange miftake therefore to imagine, as you do, 
that Saunderfons reafoning relates only to Des 
Cartes' method, or others fimilar to it; fince h 
depends entirely upon the nature of the problem, 
and has no relation at all to the procefs. 

6thly. You are miftaken in aflerting, that a 
cubic equation is fufficient for the reduction of a 
biquadratic to a quadratic. 

To which I had anfwered before; cc as what 
c< the Obferver (ays here, is not very intelligible, J 
" (hall endeavour to explain it. Des Cartes in or- 
der to reduce a biquadratic equation, to a qua- 
dratic, makes ufe of an equation of 6 dimenfions 
cc of this form ; 
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iuflobfe |* * BSS *> **** y° u w *^ have 
PP ^ Cjs3 — pz^-t-qz— r=o, and this fe 

? the cubic equation, which the Objerver fay* f < is 
u Sufficient for the reduction of the biquadratic \ 
^ 4 but the Objerver is miftaken : for the biquadra- 
tic is not reduced by means of this cubic alone, 
but by means of the 
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cubic izt—pz % -i-qz—* r=o, 



? and quadratic lx*z=z both together;" that ia 
by two equations, (one a cubic, and the other a 
quadratic) with two unknown quantities ; which 
every one knows are equivalent to one equation 
of 6 dimenfions, with qne unknown quantity: 
and to this you have made no reply. But having 
fbiftaken the fad, no wonder, that 

7thly, You have been miftaken in accounting 
for it. 

The 3 roots of a cubic, you fay, may have each 
two values, when the figns only are changed : 
which too I have taken notice of in the Reply. 

" To underftand this, the reader muft be told ^ 
" that Saunderfon has proved, that the equation by 
" which the biquadratic is reduced, muft have fix 
? roots ; which the Obferver believed, and believing 
cc too, that the cubic alone was fufficient for the 
" redudion, it behoved him to find in it fix roots: 
49 and he finds them by only .changing the figns ; 
, tc as . if indeed the figns of an equation could be 
y thps changed, and th^equation ftUl continue the 

*' The roots of the cubic equation, \ " 
- -*-- '&£r^J~2x*^$x+ 6 ="6/are -f?i>rT2>4"S : 
cc change the figns of the 2d and 4th terms, £ikfyou 
* will have^x * + a x* — 5* — • 6=0; of which 



it 
cc 
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*?■ — i, + 2, — 3, are the roots ; and this is whar 
" the Obferver means, when he fays, that the 
<c roots of a cubic equation may have each two 
" values, when the figns only are changed ; and 
<c does he really think that we can thus change 
" the figns, without changing the equation ? if he 
<c does, he muft think too, that a cubic equation 
may have fix roots ; which indeed was what 
he wanted to make out ; though the impoffibi- 
" lity of its having more than three, is demonftrated 
<c in almoft every book of algebra that is extant." 

8thly, You are miftaken in contradidking what 
I had aflerted, that Saunderfon has proved the ne- 
ceflity of an equation of 6 dimenfions, in the re- 
duction of a biquadratic to a quadratic. You fay^ 
1 am an apt fcholar, if I can apply his proof to my 
purpofe % and have learned from my majler % more 
than my majler knew.* 

But you acknowledge, that Saunderfon basjbewn 
that the root of the reducing equation, muft have fix 
values.^ You mean to fay, what Saunderfon fays, 
that the unknown quantity of the reducing equa- 
tion-, muft have 6 values;- or which is the fame* 
that the equation muft have 6 roots. But the 
roots of an equation can not exceed the number 
of its dimenfions : J therefore, by your own con- 
feflion> Saunderfon has proved, that the reducing 
equation muft be of 6 dimenfions. 

Your 8th miftake is in the conclufion. 

If by the number of dimenfions which the lem- 
ma requires, I mean the greateft number of di- 
menfions, which the reducing equation in any cafe 
can have $ then you fay, my anfwer to the prob- 
lem 

*Dsf: p. io. f Obf. p. i6#' % Newt. Ari, tJniv. 
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l?m cannot' as far as you know, be demonfirated ft 
hefalfe^ ' But indeed it can, and it is amazing you 
(hould not know it. 

Change greateft into leaft, and you will be 
right : for an aukward mathematician by accident, 
or a mafter by defign, may often find an equation 
of more dimenfions, that will anfwer the pur- 
pofe. But all the art of man can never folve the 
problem, by an equation of fewer dimenfions, than 
are required by the lemma. No maximum can be 
afligned to the dimenfions of an equation, by 
which any problem is to be folved; becaufe there 
are an infinity of equations, that will folve every 
problem. You have a 

' 9thMiftake in the fame conclufion. " He that 
" 4< would make the folution of an high equation 
** eafier, muft (hew us how to reduce it by an- 
€C other, which has fewer roots. " 

Now this is abfolutely impoffible, fince there is 
no general rule by which an equation can be re- 
duced lower, without folving an equation, of at 
leaft as many dimehfions'as that which is to be re T 
duced; and all the common Solutions contradict 
what you have here aflerted. A quadratic is folv- 
ed, not by reducing it to a fimple equation, but to 
a fimple quadratic. A cubic is turned into an e- 
quation of 6 dimenfions, in order to its folution. A 
biquadratic is indeed reduced to a quadratic, but 
not without the intervention of an equation of 
6 dimenfions. 

And fo much for the firft lemma ; which I have 
examined fully, becaufe you have reftcd the whole 
Difpute upon it.* " If he only gives us a clear de- 
* f monftration, drawn out in form and method of 

18 " this, 
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""this proposition; the equation which reduces 
" another to (m) Powers, has for its roots, all the 
" combinations of (m) roots of the former; I ao- 
** accept it as a full anfwer to all my objections." 
I haVe given you the-detnonftration, which you 
wanted. And as this foecirnen will be enough to 
iatisfy the curiofity of the reader, and enable him 
to judge of the merit of the reft of the perform* 
anc^5 I (hall be very fhort in what follows 

Lemma II. 

LET (a) be the fum of the roots of aii^ givea 
equation ; (b) the fum of their Jquares ; (c\ 
the fum of their cubes, &c and Ihave thefe three 
jproblems. 

lft, To find any term, whofe place in the ft* 
ties, a,b,c,d, &c* is denoted by (»). 

2dly, To find the fum of the (n) firft term** 

3dly f To find the fum of all the terms, ad infi* 
fiitum. 

The i ft of theft problems is the fubjeft of the 
lemma. 

Ex.(i.) 

Let the equation be **— />#+l=n0, then by 
Sir Ifoac Newton's rule, we have 

Tab, i. Tab.t. 

a=p = p 

b=pa~~z = p*-r2 
cz=p6—a=zp*—3p 

e^pd^c^pi~}p*+$p * 
fi=pt~t^p*^ty+ 9 f~-2. 

The ad table is ea% made from the firft, 

■ ■ ■« 'tthus 
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thus b =spa-~~t 

but fazsaf* . therefore J »/*— 2. 



I|MW*MI^ 



csssp^Ta^p % —~2p 



pc=p*~lf 
6=z P*~-z 

dz=zpc~—fi=2p 4 — 4j* s Hf-2, and fb of the reft; 

In general, let a and jg be two of the roots of the 
propofed equation **■— •px-hTz=o, and I fay that 
a'+£*=^— »/•"-*+*. ^ p*~*~-n .*¥ .^ p, 

&c. * 

This feries may be compared with the tables, by 
fubftituting i, 2, 3, 4, &c. fucceffively for (n) ; by 
which fubftitution, you will find the lame values 
of * ,£,c, &c. as in the tables. The general demon* 
(iration of h is become unneccflary, becaufe you 
no longer difpute ifc* Inftead of which therefore, 
I will give you an ihftance or two of its ufe. 

Fi g. a. Let Cbc the center, and AP=z 2, a dia- 
meter of the circle ABC: AB,BD,DE, &c. 
equal arcs, PB=*a=>p, PD=zb, PE~c, &c. 
the chords of the fupplements of the arcs, to a fe~ 
micircle, then it follows from Vieta'i rule, that 
TB=zaz=p 

PDzz=b=pa—* =zp*~2 
PE=zc=*p6 — a = p* — $p 

Now comparing this third table with the firft, 
you will fiqd, ihatlPieta's rule for finding the 
chords of the fupplements of the multiple arcs, is 



« 

the fame as Sir Ifaac Newton's, for finding the fe~ 
veral pQwers of the roots, of this quadratic equa- 
tion, X % pX-+-I=zO. 

And if you confult the 29th problem of the 
Aritb. Univ.. p. 1 5 8 

" Datum angulum per datum numerum multi- 
"plicare," you will find (by making f=i) Newton's 
equations, and thofe in the 4th table are exactly 
the fame. Whatever injury therefore I may have 
done Sir Ifaac Newton's rule, by changing the ex- 
prejjton of it, the fame injury has been done by Sir 
Ifa&c himfelf to FiAa's rule. 

But from the tables abovementiohed, we may 
draw the following corollaries. 

1 ft, If the arc AG, be to the ivcAB, as (») to 
( 1 ) , then by Newton's rule 

<t»-t- £*= PG. But « and £, the roots of the 
equation x % — px+i=:o. 

are ip+SiP*— '*> and \p — J\p % —* 1, and 
confequently 

pg=\p+ y/rp=:i\ ip—sW^-* 

And for the fame reafon, 

Cor. 2. PG=&'-i-l& 9 =p n --np— t +n .2=? 
p"~*—n. 2=i 4 . 2=2 . p 9 -*, &c. f 

Cor. 3, An equation of this form, p* — np*~ % 
4-«. zz* .p*"*, &c. = /, being given : if (/)■ be 
not greater than (2), the roots of it may be found 
by a table of fines. 

Ex. Let I=AP=2 and »=6, 
then the equation will be/ 6 — 6/M-g^* — 2=-f-2, 
or p 6 — 6p 4 +gp % — 4 = 0. 

Fig. 

* See Mac Laurin's Fluxions, p. 610. mdDeMoivre Mif. 
Anal.jp.i. & 13. f See DeUJHbfiw^ p. 450. pr. 9, 
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FiO; 3. Divide the- circumference into.6 equal 
parts j4B,BD,DE,&cc. and draw the chords 
P By PD, PE, &c. and the roots will be P B, 
PB, — PF, ~PF,+PA,—PA ; or fince P B, 
=PF=i, and P^f=2, the roots are in this 
cafe h-i,-Hi, — 1, — i,-4-2, — 2. 



and p — 1 x/> — 1 %p-+-i xp-i-ixp-r2 x^-+-2 

Ex. 2. 

Let the equation be * *— - px+q=^o 9 and then, 
by Newton's rule, . 

b=pa — 2q=zp % — 2^ 
c=zpb—qa=:pi — 3y/> 
d=ipc — q6=p 4 — 4-qp*-i-2q* 
e=zpd — qc=p* — 59P z '+ m 59 z p 
f=pe—qd=p 6 —6qp 4 -h9q % p t —2q\ 
and in general, fuppbfing a and j3 the roots of the 
equation, x* — px+q=:o, 

<t n -{-& n ==p*--tip*- t q-hn .^p*~ 4 q\ &c 

Cor. Hence we may find the divifors of 1=1=11% 
which js Mr. Cotes's Theorem,^ 

For Example, take 1— n 6 , and 

Let x % — i+ir)x+ir = o, of which the 
roots are 1 and n % and comparing this equation 
with** — px-i-q=:o 9 we have a = 1, #=nV 
p=zi+Tl\ and q=ili x i and confequently a 6 -+• 



4 



/3?= 1 +n xl = 1 H-ir)— 6 . iTir^ ir 
n^n 4 ~2.n 6 and .1 — -in* -m" 



» * » 

n-n^— 6. n-n*Jn*+9. i -+- n\1 n 4 — 4. 

* See the Authors above mentioned, \ V\jL Kox . MwJ, 
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Let z as ■ and fappofe 

«* — 6 «*+ 9 «• — 4 = and dividing 
the circle into fix equal parts as before, the roots 
©f this equation will be -f- PD> ■+• PD t — PF % 
—PF y -+- PA and — P^, or fince PA s= 2, 
and PDss PF= i. The roots will be -h i, 
-f- i, — i, — i, -f- 2, — 2, and confequently 



a — i. z — i. as+i.a + i. z + 2, « — 2. 

s Z* -r- 6 Z 4 -*- 9 2* — 4 = * ■ ■ 



■» a « 



or 2 — I. £-1-1. *4-2, *T-*-2 b 

-^ — -2 whatever be the value of z, 

IF '■ 

and without fuppofing 

I -I- IT* 

* 6 — 6«M-9**— 4=0. Bat ass TU and 
confequently »-:- I+n * 'i-O+IT" 



«M»-«M 



■*-»■ 



n n 

n n 



•* 



I±E and «— 2 s» 2—EL and confequently 
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>— n+n'i „ n-n-Mi*l v i+ffY, i 
n* it n n 

l ~~ 2U +lV \ and i— n+n* x n-n + n* x 



ri* 



iH-n x i— n=i — n 6 . 

And now, considering that the two examples, 
which I have here given, are almoft the firnpleft 
that belong to the rule ; and that the corollaries, 
which I have drawn from them, are by all writers 
teckoned amongft the moft extraordinary inven- 
tions of the laft century : If I was to treat with 
.fome fort of contempt, what you have falfely faid 
of the ufelefsnefs of this problem, I don't fee how 
you could reafonably be furprized, or angry at 
me. 

Lem. 2. Cor. i. 

To find the {n) firft terms of the feries a +6 
4- c -+• d 9 &c. 

Let the equation be x*—px-hi=o. 

Now the fum of the («) firft terms is (fee the 
ift table) (j>-\-p % -hp z -\-p A , &c. continued to (n) 

terms =L — L — — (z+3p-t-4p % +5p\ &c. to 



-A 



2 — p — n-\ri .p n *~\ + np 
»— i terms =) — 



&c* therefore a+64-c-\r4> & c - («) terms = 
p—p*+ l _ a—p—JZ&.p'-'-t-np' 

r i — p 

Ex. Let the equation be **— x -f- i =o, and 

let it be required to find the four firft terms ; in 

F which 



* Vide De Moivre, Mif. Anal. p. 167, 
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which cafe ^>=i and a = 4; and coniequefitty 
p — p n + l p — p % 

T^-p = 7=4 whkh ^ whcn ^ ==I ) is (4 *- 

And this is what you have reprefented as fo great 
a myftery, fince when/> = i* then 

/> — p s i — i o 

I — ^ I I o ** 

Your mifreprefentation had raifed a prejudice a- 
gain ft me : and therefore I thought myfelf obliged 
to fupport what I had faid, by authority; and I did 
it by the authorities of De Moivre, Mac Laurin f 
Saunderfon and Nicholas Bernoulli $ who all agree 

that the value of the fra&ion^ZIZ- ( when/>= 1 ) is 4, 

i—p 

And thefe writers you acknowledge to be ac- 
curate; but you add that " every one of them is 
" careful to fhew, that he is fpeaking only of the 
c< limit of the ratios of two variable quantities, 
" fuppofed to decreafe in infinitum. And had the 
cc Profeffor applied their doctrine in a fimilar man-* 
" ner, the objection to his folution would have been 
" only this, that he introduces fluxions or ultimate 
" ratios into a problem, which. may be folved by 
cc the eafieft operations of arithmetic, with a tenth 
" part of the figures; and by mod people, we may 
" fuppofe, in an hundredth part of the time."* 

But this is manifeftly mifreprefented : Mac Lait- 
rin has two methods of finding the value of the 
fradion; one by common divifion, and the other by 
fluxions: the former I had quoted ; the latter you 
quote, as if it was part of the former, though it has 
no relation to it. But Mac Laurin ufes the word 

vanijh 
* Dtf. pi 33. • 
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* *vantjh % which is enough for you to cavil upon. 
Nic. Bernoulli finds the value of the fractions in 
queftion, by fluxions; but Mv.DeMoivre is fo far 
from doing it by fluxions himfelf, that having ex- 
plained Bernoulli's method $ He adds, tc Quan- 

- cC quam vero regula clariflimi viri fit optima, pri- 
cc maque, quod fciam,quae ad hanc rem tradita fu- 
u erit ; attamen in cafu propofito eandem conclu- 
" fionem aliquanto expeditius obtinere licebit :" 
and then he (hews, how to find the value of thefe 
fractions, by common arithmetic : and, what is 
more, in dating the problem, he has not fo much 
as a fluxional expreflion. It is therefore abfolutely 
falfe to fay, as you do, that every one of thefe 
writers refer this matter to ultimate ratios and 
fluxions. 

Then, as to what you fay to the difcredit of the 
problem, I am content to leave it to the authority 
of thofe authors, whom I quoted in the Reply 
from De Moivre, Mif. Anal, rather than fill my 
book with a long calculation to (hew the falfity of 
your affertion. 

Lemma 2. Cor. 3. 

To find the fum of the feries a+b+c+d+e, 
$cc. ad infinitum, 

Let the equation be x n — px n ~ l -t-qx •""*, &c. 

= 0, and the fum required will be p ~ lq » r -*' >& c ' 

// jhould have been added you fay, if each root of 
the equation be lefs than 1 and greater than — 1 ; * 
and, in your defence, you have aflerted roundly, that 
the problem is in all cafes either ufelefs or uncer- 
tain* V For either we know all the roots of the 

equa- 



I 
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" equation to which we apply it, or not. If we 
<c know them, and they are within the limits af- 
<c figned, the rule is ufelefs. If not, it is worfe 
" than ufelefs ; it leads us into error. For there 
cc is infinitely greater variety, where it is falfe, than 
<c true." But it is your misfortune to look for eve- 
ry thing in the wrong place ; and here you are 
diving to the bottom of your deep well, in queft of 
the hidden radical treajitres, neglecting the coeffi- 
cients, which lie upon the furface, open before 
you. 

The roots are out of the queftion ; there is no 
mention made of them in either the lemma or the 
corollaries : but the feries is a given feries. As many 
terms as you pleafe may be found by the problem 
in the lemma, or by Sir Ifaac Newton's rule, and 
all that is left to the fagacity of the reader, is, to 
fee whether the feries, which he has before his 
own eyes, converges or diverges. 

Ex. Let X 6 4.X 5 2tf 4 +20a I — IJ* 1 l6#+ 

1 2=0; then by your own calculation 0=4, &=20, 
^=28, d=m6, ^=244, &c. * and the feries is 
4-1-20+22+116-4-244, &c. and, I fuppofe, it is 
no great compliment to the fkillof my reader^ if I 
take it for granted, that he will not attempt to find 
the fum of a feries, which fo plainly diverges. 

Again, let x' — \x x -±-\x — J=o, 
and you will find a=\, £ =— *, c=±, d=£ zJ e=i 
~~, &c. and the feries is 

V — I -+-£-— i 8 si+4l' to°. which converges 5 and 
the fum is — |. 

I referred you, in my reply, to De Moivre and 
Stirling. You complain that I dp not refer you to 

the 

* Obf. p. 14. 
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the particular paffages ; but who could have ima- 
gined, that it was neceflary? There are but 33 
propofitions in Stirlings book : you might have 
examined them all in a few minutes. De Moivre 
has an index— in which there are but 25 articles : 
it could have given you no great trouble to have 
run your eye over this index. No doubt, but you 
did examine it carefully. But the truth is, that 
though you fpeak fo familiarly of that excellent 
Analyft, you are no more acquainted with his 
works, than with thofe of Des Cartes and his com- 
mentators; and though you fo defervedly commend 
Sir Ifaac Newton's rule, it is plain you do not 
know it again, when you fee it expreffed in differ- 
ent words. 

Sir Ifaac Newton's rule is, that the feries a+b 
-\-c-\-d-\-e, &c. is what Mr. De Moivre calls a fe- 
ries recurrens\ or as Mr. Stirling exprefles it, with- 
out a technical word, <c feries eft, in qua, relatio 
" terminorum eft conftans." I told you, that 
De Moivre had many pages on the fubjedt of the 
lemma ; I might have added, half his book : he 
has a whole chapter on the fubjedt of this corolla- 
ry, De fummis ferierum recurrentium : and it is 
the firft example of the 15th propofition of Stir- 
ling's fummatio ferierum. But for your limit ; 
" each of the roots, you fay, muftbe greater than 
( — 1 ) and lefs than ( 1 )." By which, I dare fay, you 
mean no more than this, that if either of the roots 
be equal to, or greater than (1), the feries a-\-k 
-\-c-\-d &c. will not be finite; which is true. But 
your expreffion has a great deal of affe&ation in it; 
and, what is worfe, in confequence of this affecta- 
tion, though what you mean to fay, is true; yet 
what you do fay, is falfe. 

The 



* "j 
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The roots of the equation in the lad example, 

are \j +v/ — *> an{ * — s/ — * > an d I -believe you 
will not venture to fay, that cither of the two laft 
j$ greater than — i, and lefs than I. 

And now, to conclude. I have given you the de- 
fnonftration of the i ft lemma, which you requir- 
ed ; and upon which you have refted the whole 
difpute 5 and I have explained the problems in the 
2d lemma, by fuch examples and corollaries, as will 
no longer leave you room to doubt of the ufe, or 
the truth of them. Your objections to the other 
parts of my book were of no importance, even in 
your own eyes ; and there is evidently no longer 
any difpute between us about them. 

And thus much in my own defence : on the 
other hand, I have complained again, and muft for 
ever complain of your cruelty; and from what I have 
faid upon this head, every impartial reader will, 
I hope, be convinced, that I have but too much 
reafbh to complain of the manner, in which the 
Obfervations are written ; as well as the occafion, 
on which they were publifhed. 

Then I have retorted the charge of obfeurity 
upon yourfelf, and have given one example of ir^ 
which may ferve inftead of many. I could have 
produced many more even out of your Obferva- 
tions, and as for your Defence— -clouds and darknefs 
are round about you from the beginning to the end 
of it. Laftly, I have examined minutely what you 
have faid upon the firft lemma, &c. " and from thefe 
" obfervations on the prelude, it will not be diffi- 
" cult to conjedure, what entertainment is pre- 
u pared for us in the other parts of the work. w -j- 

Perhaps 
t Otf.p.zo. 
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Perhaps I may find a future opportunity of ex- , 
amining fome of them with the fame attention. In 
the mean time, the reader feeing, from hence, how 
you reafon yourfelf ; may judge how able you are 
to diftinguijh good reafoning from bad, in others ; 
which, it feems, is now all that you pretend to in 
this Jcience.* 

* Def. p. 38. 
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